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A BOMBER—FTIGHTEK DUBL (II)
David Blackwell and Max Shiffman ’

0: Summary. This memorandum completes the study’ of the fighter—.
bomber duel desc;ibed inlﬁ#ﬂ&ﬂ, The duel is one in which a fighter .
fires a single rockgt burst at ﬁ bomber, which has limited ammunition,
and defends itself by intermittent firing. It turns out that, for
fixed accuracies and values of the bomber and fighter, the nature of
the strategies depends on the amount $ of ammunition at the disposal
of the bomber. There are two critical amounts 50, ‘5,; 50.2 5,.
Ir §-< <S,; the bomber starts firing at a specified range at less
than maximum intensity and continues firing, with decreasing intensity,
until the end of the ;ngagement. If 5, < é < <50, the bomber starts
firing at a specified range, greater than in the preceding case, fires

at full intensity for a specified time, and with decreasing intensity

| for the rest of the engagement. In both cases the fighter uses a mixed

strategy, spread over the entire time the bomber is firing &t less than
maximum intensity, with a posiﬁive probability of firing at range O.

This probability decreases as é; increases. For 5 > <50, the bomber

fires at full intensity from the time the fighter comes within range
until a *specified time, &and decreasing intensity thereafter. There is

a certain time, during the period in which the bomber is firing at full

intensity, at which the fighter should always fire. Ammunition in

excess of, 60 is useful to the bomber only in case the fighter makes -

the mistak®e of waiting too lorg before firing. .
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1. Preliminaries. The game considered has pay—off

Vix, p) = a(x) P (x, p)

-J;xp(y)r(y)dy

where @-(x, p) = e 5

I chooses a number x, O < x < 1, while II chooses a function p(y)

1 .
subject to U < p(y) <1 and L/n ply)dy = $. The member 5 and
. o

the functiens A(x), r(y) are given, and we suppose that a(x), r(y)
are non—negative, continudous, and strictly increasing functions
on the unit interval. It is known that the best strategy for II

is a pure one, while for I it is mixed. Let F(x) be a distribution

. function in the unit interval (F(x) is monotonically increasing

with F(O) = O, F(1) = 1) describing & possible mixed strategy of

I. The expected value of the gume is then

: S plyirty)d '
_ eI :
E[F(x), ply)] = % a(x) e V° pryimty y-dF(x) .

The solution given here for this game applies in the case that.

lt, X

Ax)r(x
example whenever log A(x) is concave, The extension to the general

is a decreasing function of x; this will be true for

case can be made, but it is more tedious and seems of little practical

.
.

importance.

2. 'The good strategy for the bomber. The good strategy for the

bomber can be obtained as iniﬁ!—isﬁ; using the following lemma proved

there: ° 3

;o




o e

Brata

g e

R

S

e e e R e
3 s E

S —

e L

{
j
i

o

Lemmra .

For any two strategies p;(y), p2(y), V(x, py) > vix, pz)

for all x implies p; = p, almost everywhere (so that V(x, p,) =

.

V{x, pz) for all x).

It is-also obtained independently on the considerations of §3 below.,

)

bering nly) = Zt5iHy

1
, wly) = min(m(y), 1), 80 -'L/: wiy)dy.

We are supposing that m(y) is decreasing, so that w(y) is also

decreasing.

Define ¢ >

5_<_ 50-

CJ&SE I_o
c

/l w(yldy = .5, poly) =0, v < ¢,

poly) = w(y), ¢ <y < 1. We now prove that po is a good strategy

for the bomber.

There is a number dB_po

ing d, we see-that d = ¢ if n(c) < 1,

~

the uniqué jpoint where m(d) = 1 if m(¢) > 1 and m(1)

= a(x),
X

z/ r{y)dy
[o4

. ' fo, Po ) = A(x) e ' ,

= V(d, po),

—~

S

1.

IN

N

‘1,CSYSds-Po'm(Y),dSYS1-

1
A _ - A ; .
* r] « OSince m o > 1 in tPlS

d =1 if m(1) > 1, while d is |

We have

IA In
Q. o

VAN

interval,

Concern—

v

“h——&m =
. {
. .

+
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Thus max V(x, po) = v(d, pg). Now for
X

%
a.e., the lemma asserts that there is an x w1th

1
V. 2 0 and V is ‘increasing.

any p ¥ po
* N

Vix, p) > V(x , po) This x* must exceed c, since no V(x, p) can

If x* > d, max Vix, p) > V(d, pg). If

x
d, p) 2 V(d, Po) .

excéed s(x) for &ny x.

* s
c £ x £d, we shall show that" V( We have

—f* ply)r(y)dy
ple

*

vid, p)

d

'-f « (yldy
e

V(d, o) = 444 vix*, po)e :

Comparison shows V(d, p) > V(d po). Thus for any p, max V(x,. ) >

V(d, po); pPo is" a good strategy, and the value of the game is V{d,

po(y)
Clearly, for any such pg, V(xy pg) £

5> S,

a good strategy in this case,

Case II. > w(y) for all y turns out to

ANy po 3

V(x, w) for all x so that max V(x, po) < max V(x, w).

. x x
for any p, max V(x, p) > max V(x, w).  ¥We have
X ‘ x d
-(['Xr(y)dy
“i(x)e ° . <x<d
V(ix, w) = ; .
st

vid, w) - d<x

As in Case I, max V(x, w) = V(x, d). Moreover, for any p,

Po)-

be

We show thet,

A G P
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. .
-f r(y)p(y)dy.
v(d, p) = a(d)e ~° > V(d, w) .

Thus the value. of the game is V(d, w), and any P, 2 W is & good

strategy.

3. A _pgood strategy for the fighter. The fighter will sélect

a mixed strategy as its good strategy. This will be obtained 'by

using the following well—xnown inequality:

= /11¢(X)dF(X)
] .
(/0) e %) grix) > e YO

valid for any distribution function F(x) and Borel measurable function
¢(x), with the equality sign holding if and only if @(x) is constant

except on a set of F-measure O (this is a general inequélity valid for .
an arbitrary convex function in place of the exponentiai). '

In the expression for E[F(x), p(y)] write the integrand as

. "
-[J ply)r(y)dy—log A(x)]
e (o]

and apply the inequality, there results

(1) ' E[F(x), ply)] = h[F(x), ply)]

where

-

. , .
-J D"xp(y)r(y.)dy—log A(x)]dF(X)
e oo .

(2) - h(F, p] =




Integrating by parts in the exponential, me obtain

. - _ .
(3) log h[F, p] =- "</; plylrly~) dy + log a(1) .}
+/1 F(x) = plx)r(x) —%—‘-’f—ﬂ dx
0 WL Alx) - 1
= (/’)1 {F(x) —1-} p{x)r(x)dx + .1og A'(1)

0]

- 1F()‘!""xd n -
(o xlﬂkx X

(We will apply thé above formulas. to a parts icular distribution which

gl
v

vanishes iagenticdlly near x = O, sq thereiis no difficulty in the ’ ;‘
integration by parts concerning the termlowg i{x) in case 4A(Q) = 0).
In this expression for log h, the only temsm containing p(x) is

1
i (/‘o {F(x) - 1} p{x)r(x)dx, while p(x) must satisfy the condition .

e R TR e g
0

!
J; p{x)dx = & . This suggests selectin .a distribution F(x) for

which (F(x) - 1)r(x) = constant. This sugrestion will pr'o.vide us

with a good strategy for the fighter..

Case I. (See discussion of Case I in §2.) Define ¢ and d
as in the discussion of é 21

* . .
Define the distribution function F (x” by . {

0 fforx <d l

E “ . *: r .c N . L]
| § (4) F(x) = <1—;§;{- _f‘ord«x<1
! - 1 forx =1 . .
R =
il\‘.:a‘.&'b-A.:\\_/’ £ x;;-.i .

Y e o EE
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From (3), we have

* d 1T .
16g h[F*, p] = - ()-()d—()/(d
[ j L/; p(x)r(x)dx — r(c . p(x)dx

. * : ,\.1 1 )
Al ' A {(x) :
+ —_ - == dx
log a(1) — log atar r(c)c/; :Tgf;ng dx .
1

But L/j (x)dx = <S u/q (x)dx ,

d

T d E

and (/1—‘(‘—§—x—?-_—ydx+</)1-anS.

d Aa\X)r\{X). N4 .

c

Thus

log h[F*, p].

n
<
(@]

b
=
o
»

+

1
[¢]
c\J
(o8

v
»
o,
>

log Ald) +ﬂ° {r(c) - r(x)} oila B
L/ J} - p(x:} ‘r(x) - r(c)} dx — J/O(1 r{x)dx
o e

: .d ’
log ald) — d ~ r(x)}
og g/; r(x)dx + /q ir r( f r(x)dx

dr " - ~r '

v
[
O
o
o
o
|
.
Q.
~
@
joN
<




with equality holdiug oniy if p(x) =0'in 0 < x < £y p(i) = 1 in

c < x < d. Thus
(5) Cn[FY, o) > ald)e

with equality holding if end only if p(x) = 0 in U <x <<c¢, and
p(x) =1 in ¢ <x < d.
4
For the distribution F (x), the equality sign in (1) holds if

X
and only if f/' p(y)r(yldy — log «(x) = constant in d < x < 1, or
‘“\,’O . B

pix) = K%;§§%;T in this interval. Ve have therefore finally obtained,
as a result of (1) and (5),

e
o ’)d "
(6) Coat@e e T < B[R, ply)]

with.equality holding if and only if p(y) = poly).
On the other. hand, an e¢lementary discussion for the case poly),

which is of course included in §‘2, shows that

| [t
. -/, rix)dx
(7) E[F(x), poly)] < ald)eY®
The combinatior of these two inequalities, (¢) and (7), shows that
b <4
F (x) is a good strategy for the fighter, and po(y) the only good

strategy {for the bomber, with the value of the game teing

E/Cdr(x)dx

A(d)e .




.-9._
Case II. In this éase, set )
. o) x<d
F*(x) = 1 d <x<1 .
.1—1 x =1
ThEI‘ . . » .
, d d
. —f ply)r(y)dy ) —/ r(y)dy
E[F (x)y p(y)] = ald)e ° > aldje 0

with equality lLolding if and only if p(y) =1 in U <y < d. But this

N ) s * N . . £ ~ : " - G
is the value of the game ovbtained in 6%2 for this case, so that F (x)
is a good strategy for the [ighter.



Reproduced by

DOCUMENT SERVICE CENTER

ARMED SERVICES TECHNICAL INFORMATION AGENCY
KNOTT BUILDING, DAYTON, 2, OHIO

"NOTICE: When Government or other drawings, specifications or
other data are used for any purpose other than in connection with

a definitely related Government procurement operation, the U.S.
Government thereby incurs no responsibility, nor any obligation
whatsoever; and the fact that the Government may have formulated,
furnished, or in any way supplied the said drawings, specifications
or other data is not to be regarded by implication or otherwise as
in any manner licensing the holder or.any other person or corpora-
tion, or conveying any rights or permission to manufacture, use or
sell any patented invention that may in any way be related thereto."




18/7 STI-ATI-210 321 __ H74£20 UNCLASSIFIED / C -

Rand Corp. , Suma Monica, . Calif,
- A BOMBER FIGHTER. DUEL (II)o by David Blackwell and Max
shiffman, Rasearch memo.. 25 July 49, 9p, (Rept.. x;x),, RM-193}

.DIVs Military Sciences &  SUBJECT HEADINGS
Operations (18). Suategy
SECT: Straiegy & Tactics (7)  Warfare, Aerial
Airplanes,. Bomber
, Alrplanes, Fighter

AD-AS00 007 ,.. ..
ARG gl L fune.

O M, //"‘auy /g&?{rg

UNCLA SSIFIED

Vfé 77 s ot _Len, ocoped _




